Ordered fuzzy topological spaces  by Katsaras, A.K
JOURNAL OF MATHEMATICAL ANALYSIS AND APPLICATIONS 84. 44-58 (1981) 
Ordered Fuzzy Topological Spaces 
A. K. KATSARAS 
Department of Mathematics. UnicersitJ of loannina. ,loannina. Greece 
Submitted by L. A. Zadeh 
1. INTRODUCTION 
The concept of a fuzzy set was introduced by Zadeh in [ 191. This concept 
has been applied by many authors to several branches of Mathematics. One 
of these applications was the study of the fuzzy topological spaces. 
In [ 12-141, Nachbin gave some results on the relationship between 
topological and order structures. Several other authors have continued the 
work of Nachbin on the above relationship. 
In this paper we combine the concepts of an order and a fuzzy topology. 
Section 2 is preliminary. In Section 3 we study fuzzy sets in an ordered set X. 
In Section 4 we define and study some of the properties of ordered fuzzy 
topological spaces. Finally in Section 5 we define the normally ordered 
spaces and prove a result analogous to Urysohn’s Lemma. 
2. PRELIMINARIES 
Let X be a non-empty set and Z the unit interval. A fuzzy set in X is an 
element of the set Ix of all functions from X to I. If f is a function from X to 
I’ and p E I’, then f-l@) is the fuzzy set in X which is defined by 
f ‘@)(?I) =,Q(x)). Also, for u E Z”,f(a) is the member of I* defined by 
"m)(Y)= sup 4x1 if f-‘[y] f 0 XEf-‘[y] 
=o otherwise. 
If (Pilie, is a family of fuzzy sets in X, then supieA pi is the fuzzy set P in X 
defined by 
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Also, for p, ,..., ,a, E Ix, the P, V .. . V ,u,, = p is defined by 
p(x) = sup(~i(x): i = l,..., n) (XEX). 
The fuzzy sets infirA pi and p, A . .. A pu, are defined analogously. 
A fuzzy topology on X is a subset r of Zx such that 
(i) 0, 1 E 5. 
(ii) If pi E r for each i E A, then supiclc pi E r. 
(iii) If p, p E r, then ,u A p E 7. 
A set X with a fuzzy topology r on it is called a fuzzy topological space. The 
members of r are the open fuzzy sets in the fuzzy topological space X. A 
fuzzy set p in X is called closed if 1 -fi is open. A fuzzy set p, in a fuzzy 
topological space X, is called a neighborhood of a point x E X (see [ 161) if 
there exists an open fuzzy set p, with p, <,u and p,(x) =p(x) > 0. It is 
shown in [ 161 that a fuzzy set p is open iff p is a neighborhood of each 
x E X for which p(x) > 0. A family F of neighborhoods of a point x is 
called a base for the system of all neighborhoods of s if the following 
condition is satisfied: For each neighborhood p of x and each 8. with 
0 < 0 <p(x), there exists p, E t with p, <p and ,u,(x) > 8. 
A function f, from a fuzzy topological space X to a fuzzy topological 
space Y, is ca!led continuous iff-‘(p) is open in X for each open fuzzy set P 
in Y. The function f is continuous at some x E X iff-‘(p) is a neighborhood 
of x for each neighborhood p off(x). It is shown in [ 161 thatf is continuous 
ifff is continuous at each point x E X. 
3. FUZZY ORDERED SETS 
Let X be a non-empty set. A preorder on X is a relation < on X which is 
reflexive and transitive. A preorder on X which is also antisymmetric is 
called a partial order or simply an order. By a preordered (resp. an ordered) 
set we mean a set with a preorder (resp. a partial order) on it. 
DEFINITION 3.1. A fuzzy set p, in a preordered set X, is called: 
(i) Increasing if x < y implies p(x) <,u(y). 
(ii) Decreasing if x < 4’ implies P(X) > P( J’). 
(iii) Order-convex if x ,< z < y implies p(z) > min(,@),~(~)}. 
It is easy to see that the following proposition holds. 
PROPOSITION 3.2. Let (,ui)isA be a farnib of fuzzy sets in a preordered 
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set X and let ,u = infi,,4 ,ai. Then, if each ,ai is increasing (resp. decreasing), 
then ,a is increasing (resp. decreasing). Also, if each ,ai is order-convex, the 
same is true for the fuzzy set p. 
It is clear that the constant fuzzy sets are increasing, decreasing and order- 
convex. Also, if p is increasing, then 1 -,u is decreasing. By the preceding 
proposition, given a fuzzy set ,u, in a preordered set X. there exists the 
smallest increasing fuzzy set p in X with p >p. This fuzzy set is called the 
increasing hull of p and we will denote it by i(p). The decreasing hull d(p) 
and the order-convex hull c(p) of ,u are defined analogously. 
PROPOSITION 3.3. Let ,a be a fuzzy set in a preordered set X. Then, for 
each x E X, we hatIe 
c@)(x) = sup(min(&~,), &)}: x, <x <x2 1. 
Proof. Define ,q, on X by 
,u&) = sup(&V): J’ <x}. 
Since x <x, for each x E X, we have P < p,,. Also it is clear that F&Y,) < 
,u&~) if x, < x,. Hence ,q, is increasing. Finally, let p be an increasing fuzzy 
set X with ,U < p. If y <x, then p(x) > p( y) >,~(y) and thus ,u~(x) <p(x). 
This proves that p, = i(,a). The proof for the d(p) is similar. 
To prove the result for the order-convex hull of ,L let us consider the fuzzy 
set ,u, defined by 
P,(X) = sup(min(~(x,),~(x,)}: x, <x < x2}. 
Since x < x < x, we have ,u(x) ,< ,~,(x) for each x. Also p, is order-convex. In 
fact, let x < z < y and let 8 < min{p,(x),p,(y)}. Since p,(x) > 8, there are 
x,, x, E X with x, <x ,< x, and min(&x,),,&)} > 8. Similarly, from the 
,~,(y) > f3 follows that there are y,, y2 in X with .I’, < y < yz and min(p(y,), 
PU(Y,)I > 0. Now 
and thus 
P,(Z) > minb4xl)~~(h)~ > 0. 
Since P,(Z) > 0 for each 6’~ min{lu,(x),p,(y)}, it follows that 
P,(Z) > min~k(x)~~,(y)~ 
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which proves that ,D, is order-convex. Finally, let p be order-convex, p 2,~. If 
x, <.u<.xz. then 
It follows that p(x) >,u,(x), for each .Y E X. and this completes the proof. 
LEMMA 3.4. Let p, be an increasing fuzzy set and ,uZ a decreasing fuzz? 
set in a preordered set X. Then ,u = ,u I A pu, is order-convex. 
Proof. Let .Y < z < J. Since p,(z) >,D,(x) >,u(x) and p*(z) >pu2(~) > 
,u(.I.), we have 
4~) = mini~,(z),,k(z)l > min{iu(.~),dr)l. 
This proves that ,U is order-convex. 
PROPOSITION 3.5. Let p be a fuzzy set in a preordered set X. Then 
0) = U) A 0 ). 
Proof. Let p = i(p) A d(u). By the preceding Lemma, p is order-convex. 
Also it is clear that ,D <p. Therefore C(U) < p. Suppose. by way of 
contradiction, that there exists an x with c@)(x) #p(x). Then, there exists 19 
with 
dPu)(-K) < 0 <PC-Y). 
Since i(p)(x) > p(x) > 8, there exists (by Proposition 3.3) x, <x with 
,D(.u,) > 0. Similarly from the d(p)(x) > 6J follows that there exists x2 > x with 
.D(s~) > 8. Since x, < x < .x2, we have (by Proposition 3.3) 
which is a contradiction. This contradiction completes the proof. 
PROPOSITION 3.6. Let ,u be a fuzzy set in a preordered set X. Then ,D is 
order-convex lfl there exists an increasing fuzz}? set p, and a decreasing 
fuzz!- set cl2 such that ,D = ,u, A ,u2. 
Proof: The sufficiency of the condition follows from Lemma 3.5. 
Conversely. if ,U is order-convex. then 
,P = 4~) = iiiu) A d(p) 
by the preceding Proposition. The result follows. 
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DEFINITION 3.7. Let X, Y be preordered sets andf a function from X to 
Y. Then f is called increasing (resp. decreasing) if x < 4’ in X implies 
f(x) G fb9 (rev. f( 4’) G f(4). 
We omit the proof of the following easily established 
PROPOSITION 3.8. Let X, Y be preordered sets, f a function from X to Y 
and p a fuzzJ1 set in Y. Then: 
(1) If f is increasing and p is increasing (resp. decreasing). then 
f -'(,uj is increasing (resp. decreasing). 
(2) If f is decreasing and p is increasing (resp. decreasing), then 
f-'(p) is decreasing (resp. decreasing). 
(3) rf,u is order-conoex and iff is either increasing or decreasing, then 
f -‘(,u) is order-convex. 
Let now X be a preordered set. The relation - on X, defined by x - J iff 
x < 4’ <x, is an equivalence relation. Denote by 2 the equivalence class in 
which x belongs. Let 
x= (a: x E X). 
The relation 2 < p iff x < .1’ is a well defined partial order on X. Thus d 
becomes an ordered set. We will refer to X to as the ordered set 
corresponding to the preordered set X. We will call the function 
e: X-+X, e(x) = 2, 
the quotient map from X onto X. Clearly x < y iff e(x) < e(y). If p is an 
order-convex fuzzy set in X, then iu is constant on each 2. In fact if 1’ E 2. 
then x < -r <x and ?’ <x < J. Hence ,u(y) >,@) and P(X) >P(J) and so 
p(x) =p(y). Also, e(p) is order-convex in X. In fact 
e(p)(Z) = sup(&v): YE at ‘P(X) 
If 2 < i < 5, then x < z < p and thus 
@P> =P(z) > minW),dv)t = m~kQ)($, e(pu)(J;)t. 
4. ORDERED FUZZY TOPOLOGICAL SPACES 
A preordered (resp. an ordered) set on which there is given a fuzzy 
topology is called a preordered (resp. an ordered) fuzzy topological space. 
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DEFINITION 4.1. A preordered fuzzy topological space X is called: 
(1) /ocal!v order-convex if, for each x E X, the collection of all order- 
convex neighborhoods of x is a base for the system of all neighborhoods of 
I; 
(2) order-conve?c if the family of all open order-convex fuzzy sets is a 
base for the topology. 
It is clear that an order-convex fuzzy topological space is locally order- 
convex. 
PROPOSITION 4.2. Let X be a preordered fuzzy topological space and 
suppose that the family of all open decreasing and all open increasing fuzzy 
sets in X is a subbase for the topology. The X is order-convex. 
Proof If ,u, ,..., ,u,, are open increasing (resp. decreasing) fuzzy sets in X, 
then ,u, A,uz A .e. A,D,, is an open increasing (resp. decreasing) fuzzy set. 
Thus, the hypothesis implies that the family of all fuzzy sets in X of the form 
PI AP,, with ,u~ open increasing and ,L+ open decreasing, is a base for the 
topology of X. In view of Lemma 3.4, the result follows. 
DEFNTION. A net (-x0) in a fuzzy topological space X is said to 
converge to x E X. and write x = lim ?s, or x, +x, if for each neighborhood 
,D of .Y there exists an index a, such that ,U is a neighborhood of x, for each 
a>,a,. 
We omit the proof of the following easily established 
PROPOSITION 4.3. Let X be a locally order-convex preordered fuzq 
topological space. If x, ,< y, < z,, x, -, x and z, -, -x, then Y, -+ x. 
DEFINITION 4.4. A preorder < on a fuzzy topological space X is said to 
be: 
(1) semiclosed on the left if x, +x and x, < y imply that x < y; 
(2) semiclosed on the right if x, -+x and x, > y imply that .Y > ,v; 
(3) semiclosed if it is semiclosed both on the left and on the right; 
(4) closed if x, < y,, x, + x and y, + y imply x < y. 
PROPOSITION 4.5. The preorder of a preordered fuzzy topological space 
.Y is: 
(1) semiclosed on the left ~fl the following condition is satisfied: If 
.Y < y is false, then there exists a neighborhood ,u of x such that i(,u)( y) = 0: 
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(2) semiclosed on the right iff the following holds: If x < 4: is false 
then there exists a neighborhood p of y such that d(p)(x) = 0; 
(3) closed z@ the following condition is satisfied: If x < y is false, then 
there are neighborhoods p. p of x, y, respectitlely, such that i(p) A d@) = 0. 
Proof. (1) Suppose that the preorder is semiclosed on the left and let 
x < J be false. Assume, by way of contradiction, that for each neighborhood 
,u of x’ we have i@)(y) > 0. By Proposition 3.3. there exists an X, <J such 
that ,u(x,) > 0. Let 
A = {,D:,u open neighborhood of x). 
The set A is directed by the relation 
It is easy to see that the net (x,,),,~, converges to .Y. Since x, < ~1, our 
hypothesis implies that x < 1’ which is a contradiction. 
Conversely, suppose that the condition is satisfied and let X, -+x. X, < ~1. 
We need to show that .Y < .r. Assume that this is false. Our hypothesis 
implies that there exists a neighborhood ,D of s such that i(p)(y) = 0. Let p 
be an open neighborhood of .Y such that p <p. For each a we have 
PM <cl@,) < i(lu)(4') = 0 
and thus p is not a neighborhood of x,. This contradicts our hypothesis that 
x, + x. 
(2) The proof is similar to that of (I ). 
(3) Suppose that the preorder of X is closed and let X, J’ be such that 
x < .r is false. We need to show that there are neighborhoods ,u, p of x, 1’. 
respectively, such that i(p) A d(p) = 0. Assume the contrary and let ,D, p be 
open neighborhoods of x, .r, respectively. Let z E X such that 
i(,u)(z) > 0. dCp)(z) > 0. 
In view of the Proposition 3.3, there are z,, z2 in X such that zi <z <z?. 
I > 0 and p(zz) > 0. Thus, for all pairs (p,p), where ,D is an open 
neighborhood of x and p an open neighborhood of ~1, there are x~, ,p, = z, and 
ytU.p, = z2 with z, <z?, ,D(z,) > 0 and p(zJ > 0. Let 
B = {(p,p): p, p open neighborhoods of X, Y, respectively}. 
The relation 
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makes B into a directed set. In this way we get two nets 
such that x ,u,p, < .v(~,~,. Let ,D,,, p0 be open neighborhoods of s, .r, respec- 
tively. If (,u,p) > (.D,,, pO), then ,D <puo and p <p,. Hence 
This proves that xc,,,) + x and JI,~,~, + J’. By hypothesis .Y < 1’ which is a 
contradiction. 
Conversely, assume that the condition is satisfied and let -Y, < J,, x, + .Y. 
J’, + .Y. Assume that .Y < J’ is false. By hypothesis there are open 
neighborhoods ,u, p of -Y, J, respectively, such that i(p) A d@) = 0. Since 
.Y, + .Y and J, 4 x, there exists some index a such that ,u(~u,) > 0 and 
p( ~3,) > 0. Let z = y,. Since z > x,, we have i@)(z) >,D(x,) > 0. Also 
d@)(z) >/p(z) > 0. Thus i(p) A d@) # 0 which is a contradiction. This 
contradiction completes the proof. 
DEFINITION. A fuzzy topological space X is called a Hausdorff space if 
I # ~9 implies that there are neighborhoods ,D, p of x, J: respectively, with 
,D A p = 0. We will say that X is a T, space if for any two distinct points x, J 
of X there are neighborhoods ,D, p of .Y, J, respectively, such that ,D( 4’) = 0 
and p(s) = 0. 
COROLLARY 4.6. Let X be an ordered fuzzy topological space. If the 
order of X is closed, then X is a Hausdorff space. If the order of X is 
semiclosed, then X is a T, space. 
ProoJ Let x # J. Since the order of X is antisymmetric, at least one of 
the s < J’ and y <x is false. Assume, for instance, that x < JJ is false. If the 
order is closed (resp. semiclosed), there are a neighborhood ,u of x and a 
neighborhood p of J such that i(p) A d(p) = 0 (resp. i(p)(y) = 0 and 
d@)(x) = 0). Since ,D < i(p) and p < d@), the result follows. 
Let now X be a preordered fuzzy topological space and let d be the 
ordered set whichcorresponds to the preordered set X. Let e be the quotient 
mapping from X onto 2. Let r be the quotient topology on J? (,D E r iff 
eP ‘(,D) is open in X). Then f, with the topology t. is an ordered fuzzy 
topological space. We will refer to (2, r) as the ordered fuzzy topological 
space corresponding to the preordered fuzzy topological spaceX. 
DEFINITION 4.7. A mapping f, from a fuzzy topological space Z, to a 
fuzzy topological space Zz, is called open iff @) is open in Zz for each open 
fuzzy set P in Z,. 
52 A.K. KATSARAS 
PROPOSITION 4.8. Let X be a preordered fuzzy topological space whose 
topology is locally order-convex. Let f be the corresponding ordered fuzz~l 
topological space and e: X+ d the quotient mapping. Then: 
(1) ,u = e- ‘(eb)) for each open set p in X. 
(2) e is an open map. 
(3) ,u is open in X iffy =e-‘(p) for some open set p in 8. 
Proof. (1) Let p be open in X. Clearly ,D < em ‘(e(p)). Suppose, by way 
of contradiction, that there exist x E X such that 
P(X) < em ‘(e(~u)))(-~) = e@u)Cf). 
Since e-‘[?] = -2. there exists y E .? such that ,u(J~) > P(Y). Since ,U is open, p 
is a neighborhood of y. Our hypothesis and the p(p) > ,D(.Y) imply that there 
exists an order-convex neighborhood ,D, of I’ such that p, <p and p,(y) > 
l(x). But ,u,( ~1) =,D,(.Y) since ,u, is order-convex and ,V E .?. Hence 
This contradiction shows that ,D = e-‘(e(p)). 
(2) It is direct consequence of (1) since p is open in 8 iff e-‘(p) is 
open in X. 
(3) It follows from (1) and from the definition of the topology of 8. 
PROPOSITION 4.9. Let X be a preordered fuzzy topological space and 
suppose that the quotient mapping e: X -, J? is open. 
(1) If the preorder ojY X is closed, then 2 is HausdorfJ: 
(2) If the preorder of X is semiclosed, then 8 is T, . 
ProoJ (1) Let the preorder of X be closed and let x, 4’ E X be such that 
.? # -9. We cannot have both x < 4’ and JJ < x. Suppose, for instance, that 
X<J is false. Since the preorder of X is closed, there are (by 
Proposition 4.5) open neighborhoods ,u, p of x, ~7 respectively, with 
i(p) A d(p) = 0. Then p, = e(u), p, = e@) are open in 8. Also, ,~,(a) >, 
,u(x) > 0 and p,(y^) > p(y) > 0 and thus ,L,, p, are open neighborhoods of 2. 
y^, respectively. Finally, ,u, A p, = 0. In fact, suppose that there exists z E X 
such that ,u,(?) > 0 and p,(f) > 0. Since e-‘[.?I = f, there are z,, z? E 2 such 
that ,u(z,) > 0, p(z>) > 0. Now, we have z, <z &z, and therefore 
(Proposition 3.3) 
i(p)(z) >&A > 0 and d@)(z) 2 P(Z& > 0 
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which is a contradiction since i(u) A d@) = 0. This contradiction shows that 
,u, . p, are disjoint neighborhoods of Z,4;, respectively. 
(2) Let the preorder of X be semiclosed and let x, )’ E X with 2 # $. 
Suppose that x < y is false (the case in which 4’ <x is false is similar). In 
view of Proposition 4.5, there are open neighborhoods ,u, p of x, J, respec- 
tively, such that i(,~)( ~7) = 0 and d@)(x) = 0. Then ,D, = e(p) and p1 = e@) 
are open neighborhoods of R $, respectively. Finally, p,(p) =~,(a) = 0. 
Indeed, assume that p,(p) > 0. Then there exists z E$ with p(z) > 0. Since 
z >-Y, we have d@)(x) >p(z) > 0 which is a contradiction. Analogously we 
show that p&?) = 0. The proposition is proved. 
COROLLARY 4.10. Let X be a locally order-convex preordered fizz) 
topological space. If the preorder of X is closed (resp. semiclosed), then J? is 
a Hausdorff (resp. T,) space. 
LEMMA 4.11. Let X be a preordered fuzzy topological space which is 
local[lt order-convex. If ,a is an order-convex neighborhood of a point x in X, 
then e(p) is an order-c0nve.y neighborhood of 2 in J?. 
Proof. By Proposition 4.8, e is an open map. Let now ,u be an order- 
convex neighborhood of x E X. Then e(p) is order-convex and e(p)( .1:) = ,u( y) 
for each J E X. In particular e(p)(Z) =p(?c). Since p is a neighborhood of ?c, 
there exists an open neighborhood p of x with p <,u and p(x) =,a(~), Now 
e(p) is an open neighborhood of .$ and e@) < e(p). Moreover, 
e@)W > P(X) =.4x) = e(~u)W 
and hence e@)(Z) = e(p)(i). This proves that e(p) is an order-convex 
neighborhood of x^. 
PROPOSITION 4.12. If the preordered fuzzjl topological space X is locally 
order-convex, then f is locally order-convex. 
Proof. Let X be locally order-convex and let p be a neighborhood of 4 
in 2. Let 0 < 0 < ,~(a). Since e is continuous, e-‘(p) is a neighborhood of x 
in X. Moreover, e-‘(p)(x) =~(a) > 19. Hence, there exists an order-convex 
neighborhood p of x, p < e-‘(p), with p(x) > 8. By the preceding lemma, e@) 
is an order-convex neighborhood of 2. Also, e@) < e(e- ‘(,D)) = ,D. Finally, 
e@)W >pW > f?. 
This shows that the family of order-convex neighborhoods of x^ is a base for 
the system of all neighborhoods of 2. Hence 8 is locally order-convex. 
We finish this section with the following result 
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PROPOSITION 4.13. Let X be a preordered fuzzy’ topological space. Then 
X is locally order-convex tfl there exist an ordered fuzzy topological space Y 
whose topology is locally order-convex and an increasing function f from X 
to Y such that a fuzzy set ,u in X is open ~fl,u = f - ‘(p) for some open fuzz) 
set p in Y. 
Proof If X is locally order-convex, then we may take Y = X and f the 
quotient map e: X -+ X. 
Conversely, suppose that there exist Y and f with the properties mentioned 
in the statement of the Proposition. Let ,u be a neighborhood of .y in X. There 
exists an open neighborhood ,u, of I with ,u, <,u and ,u,(-u) = p(x). Let p be 
open in Y with ,u, = f -I@) and let 0 < 0 <P(.K) =,u,(s) =p(f(x)). Since Y 
is locally order-convex, there exists an order convex neighborhood p, off(x) 
with p, <p and p,(f (x)) > 6. Let ,u, = f -I@,). Since f is increasing, pz is 
order-convex (Proposition 3.8). Also since f is continuous, ,u, is a 
neighborhood of ?I [ 16, Theorem 4.21. Clearly ,uuz ,<,D, <p. Also. ,u-,(s) = 
p,(f (s)) > 8. This proves that the family of all order-convex neighborhoods 
of .Y is a base or the system of all neighborhoods of .Y. Hence X is locally 
order-convex. 
5. NORMALLY ORDERED SPACES 
DEFINITION 5.1. A preordered fuzzy topological space X is called 
normally preordered iff the following condition is satisfied: Given a 
decreasing closed fuzzy set ,u and a decreasing open fuzzy set p such that 
,K <p, there are an open decreasing fuzzy set p, and a closed decreasing 
fuzzy set ,u, such that ,D <p, <,u, <p. 
If the preorder of a normally preordered space X is a partial order, then X 
is called a normalb ordered fuzzy topological space. 
If p is a fuzzy set in a preordered space X, we define 
D(U) = inf(p: p >,u, p closed and decreasing}. 
Clearly D(,u) is the smallest closed decreasing fuzzy set in X which 
contains p. 
It is easy tosee that we have the following 
PROPOSITION 5.2. A preordered fuzzy topological space X is normallJ9 
preordered tff the following condition holds: Given a decreasing closed fuzz?? 
set p and a decreasing open fuzzy set p with .u < p, there exists an decreasing 
open fuzz>) set p, such qthat ,a < p, < D@,) < p. 
We recall the definition of the fuzzy unit interval which was given in [5 I. 
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Let J, denote the set of all decreasing functions a: [0, 1 ] + [O, 11. On J, we 
consider the equivalence relation - defined by 
a, -cl> iff a,(t+) = az(t+) and a,(t-) = a2(t-) for all t E [0, I]. 
The fuzzy unit interval is the set Z, = [0, 11” of all equivalence classes in 
which J, is partioned by -. For a E J,. we will denote also by a the 
equivalence class in which a belongs. For each t E (0, 1) we define L, and R, 
on I, by 
L,(a) = 1 - a(t-) and R,(a) = a(t+). 
The fuzzy topology on I, which is generated by the family (L,. R,: t E (0, l)} 
is called the usual fuzzy topology on I,. 
By the usual order on I, we will mean the partial order > defined by 
u, 2 a2 iff a,(t+) > a2(t+) and u,(t-) > cL(t-) (t E [O. 11,. 
Thus IV with the above fuzzy topology and the preceding order becomes an 
ordered fuzzy topological space. 
We have now the following result which is analogous to Urysohn’s 
Lemma (see [ 12, p. 301 for the corresponding result in the usual ordered 
topological spaces). This results reduces to the result of [.5. Theorem 1] in 
case the preorder of X is the discrete order. 
THEOREM 5.3. Let X be a preordered fuzzy topological space. Then X is 
rtormal~l~ preordered iff the following condition is satisfied: Given a closed 
decreasing fuzzy set ,D in X and an open decreasing fuzzy set p with p < p, 
there exists an increasing continuous function 
f: x+ [O, 11, 
such that, for each x E X, 
Pu(-u) < 1 - f (x)(0+) < 1 - f (-y)( I-) <p(x). 
Proof. Suppose that the condition is satisfied and let p beclosed 
decreasing and p open decreasing with ,D <p. Let f have the properties 
mentioned in the statement of the Theorem. Let .Y E X. Since f(x) is 
decreasing, we have 
Thus 
f (x)(0+) 2 f (x)($-) > f (wx)(+ +)> f (x)( 1-h 
But 
PCy) < 1 - f (.v)(f-) < 1 - f (-y)()+) <P(X). 
1 - f (x)(f -) = L ,c(f (x)) = f ‘(L I&) 
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and 
1 -f(x)(f+)= 1 -R,,,(f(.r))=f-‘(1 -R,,*). 
Thus 
P <f--V,,,) <f-‘(1 -R,;,) <P. 
Note that, since L ,iZ and 1 - R,:, are decreasing fuzzy sets in [O, 11, and 
since f is increasing, the fuzzy sets f -‘(Lliz) and f -‘(l - R,:2) are 
decreasing (Proposition 3.8). Also, since f is continuous, the last two fuzzy 
sets are open and closed, respectively, in X. This proves that X is normally 
preordered. 
Conversely, suppose that X is normally preordered and let p be closed. p 
open, both decreasing with ,B <p. Let Lo be open decreasing fuzzy set in X 
with ,U < L, ,< D(&) <<p. For each integer n > 0, let 
A,= 
I 
F:m=o. I,...,24 
\ 
and 
% 
A= u A,,. 
n=, 
For each r E A we will define an open decreasing fuzzy set p, such that the 
following three conditions hold: 
(1) p. =A,, and p, =p; 
(2) ,u<pp,<p for each rEA; 
(3) If r < s, then D(p,) < ps. 
In fact, suppose that we have already define p, for each r E A, so that (I). 
(2), (3) are satisfied for r, s E A,. (W e k now how to define the sets p, for 
r E A, = (0, 1 }.) We will define p, for each r E A,, , which is not in A,,. 
Indeed, let r be such an element of A,, , . Then r = m/2”+’ with m an odd 
integer, m = 2k + 1. Since 
there exists an open decreasing set 1, with 
Define pr = A,. In this way we define the family {p,: r E A, t, } which clearly 
satisfies (I), (2) and (3). 
Inductively now we can define a family 
(P,: r E A t 
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of open decreasing fuzzy sets satisfying (l), (2) and (3). Next we define a 
family { uI: t E [0, 1 ] } by taking 
u, = inf(p,: r E A, r 2 t). 
Clearly each (T, is decreasing and u, =p, if r E A. If s < t, then D(u,) < a:, 
where uy denotes the interior of the set ur. In fact, let r,, r? E A with s < r, < 
r2 < t. Then ur < p,, < prL < ur and thus 
We now define8 X-, [O. I], by 
f(x)(t) = 1 - utw (x E x, t E (0, 11,. 
It is easy to see that, for each .Y E X, f(x) E [0, 11,. Also, for t E (0, l), we 
have 
1 - iu(-4 > 1 - u,(x) = f(x)(t) > 1 -p(x). 
Hence 
A~) < 1 -fGW+) < 1 -f(x)(t) < 1 -@)(I-)<P(X). 
The function f is increasing since each ur is decreasing. Finally, f is 
continuous. In fact 
f -‘(u(x) = k(f (4) = 1 - f (x)(t-) 
= 1 - ,‘rl; f (x)(s) 
= I - ,‘$ (1 - u,(x)) 
= sup u,(x) = sup u;(x) 
S<1 s<t 
and thus f -‘(L,) = supsct uf is open. Similarly, 
f -‘(R,)(x) = R,(f(x)) = f(x)@+) 
= “SF? f (4(s) = s,ty (1 -a,(x)) 
= 1 - m; u,(x) = 1 - I’% D@,)(x) 
and thus f - ‘(R,) = 1 - inf, ,I D(u,) is open. 
This completes the proof. 
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